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Abstract
The purpose of this work is to obtain Jackson-type estimates in approximation by a complex Post–Widder
operator in the unit disk. In addition, these operators preserve some sufficient conditions for starlikeness and
univalence of analytic functions.
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1. Introduction
In the case of real functions, the Post–Widder operator is given by (see e.g. [1])
Pn( f )(x) = 1
n!
(n
x
)n+1 ∫ ∞
0
e−nu/xun f (u) du, x > 0, f ∈ C[0,+∞).
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Making the change of variable 1
x
= y, we obtain
Pn( f )
(
1
y
)
= 1
n!n
n+1 yn+1
∫ ∞
0
e−nuyun f (u) du = (by uy = v)
= 1
n!n
n+1 yn+1
∫ ∞
0
e−nv v
n
yn
f
(
v
y
)
1
y
dy
= n
n+1
n!
∫ ∞
0
e−nvvn f
(
v
y
)
dv.
Putting now 1y = w, we can write
Pn( f )(w) = n
n+1
n!
∫ ∞
0
e−nvvn f (vw) dv, w > 0.
Now, let D = {z ∈ C; |z| < 1} and A(D) = { f : D → C; f is continuous on D, analytic on D,
f (0) = 0, f ′(0) = 1}. As suggested by the above form, for f ∈ A(D) we propose the following
complex Post–Widder operator:
Pn,α( f )(z) = n
n+1
n!
∫ ∞
0
e−nvvn f (zeiv/αn) dv, z ∈ D,
where α = (αn)n , αn ↗ +∞, is arbitrary, fixed.
In Section 2, we obtain a Jackson-type estimate in approximation of f ∈ A(D) by Pn,α( f )(z) and, in
addition, a global smoothness preservation property is proved.
Section 3 deals with some geometric properties of Pn,α( f )(z), in the sense that it preserves some
sufficient conditions for starlikeness and univalence satisfied by f ∈ A(D).
2. Approximation properties
Concerning the approximation properties of Pn,α( f )(z) we present:
Theorem 2.1. Let f : D → C be continuous on D. We have:
(i) |Pn,α( f )(z) − f (z)| ≤ 3ω1
(
f ; 1
αn
)
D
, ∀z ∈ D, n ∈ N.
(ii) ω1(Pn,α( f ); δ)D ≤ ω1( f ; δ)D , ∀δ ≥ 0.
Proof. (i) Since nn+1
n!
∫∞
0 e
−nvvn dv = 1, we get
|Pn,α( f )(z) − f (z)| ≤ n
n+1
n!
∫ ∞
0
e−nvvn| f (zeiv/αn) − f (z)| dv
≤ n
n+1
n!
∫ ∞
0
e−nvvnω1( f ; |z| · |eiv/αn − 1|) dv.
Combined this with the inequality
|z| · |eiv/αn − 1| ≤ 2
∣∣∣∣sin v2αn
∣∣∣∣ ≤ vαn , ∀v > 0,
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it follows that
|Pn,α( f )(z) − f (z)| ≤ n
n+1
n!
∫ ∞
0
e−nvvnω1
(
f ; v
αn
)
D
dv
≤ ω1
(
f ; 1
αn
)
· n
n+1
n!
∫ ∞
0
e−nvvn(v + 1) dv.
Since∫ ∞
0
e−nvvn+1 dv = (n + 1)!
nn+2
,
we arrive at
|Pn,α( f )(z) − f (z)| ≤ ω1
(
f ; 1
αn
)
D
[
1 + n + 1
n
]
≤ 3ω1
(
f ; 1
αn
)
D
.
(ii) Let |z1 − z2| ≤ δ, z1, z2 ∈ D. We have |z1eiv/αn − z2eiv/αn | = |z1 − z2|, which implies
|Pn,α( f )(z1) − Pn,α( f )(z2)| ≤ n
n+1
n!
∫ ∞
0
e−nvvn| f (z1eiv/αn) − f (z2eiv/αn)| dv
≤
[
nn+1
n!
∫ ∞
0
e−nvvn dv
]
ω1( f ; δ)D.
Passing to the supremum with |z1 − z2| ≤ δ, it follows that
ω1(Pn,α( f ); δ)D ≤ ω1( f ; δ)D, ∀δ ≥ 0,
which proves the theorem. 
Remark. If we take, for example, αn = n p, then by Theorem 2.1(i), we get that the order of
approximation by Pn,α( f )(z) will be ω1
(
f ; 1
n p
)
D
.
3. Geometric properties
In this section we will prove some geometric properties of Pn,α( f )(z).
First, let us consider the following classes of functions:
S3 = { f ∈ A(D); | f ′′(z)| ≤ 1, ∀z ∈ D},
P = { f : D → C; f is analytic on D, f (0) = 1, and Re[ f (z)] > 0, ∀z ∈ D},
SM = { f ∈ A(D); | f ′(z)| < M, ∀z ∈ D}, M > 1.
According to [3], if f ∈ S3 then f is starlike (and univalent) in D and by e.g. [2, p. 111, Exercise
5.4.1], if f ∈ SM then f is univalent in {z ∈ C; |z| < 1M } ⊂ D.
We present:
Theorem 3.1. (i) If f (z) = ∑∞k=0 akzk is analytic in D and continuous in D, then Pn,α( f ) is analytic
in D and continuous in D for all n ∈ N and α = (αn)n. Also, we can write
Pn,α( f )(z) =
∞∑
k=0
Bk,αzk, ∀z ∈ D,
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where Bk,α = ak Ak,α with
Ak,α = n
n+1
n!
∫ ∞
0
e−nvvneikv/αn dv.
If αn = n, ∀n ∈ N, then
|A1,α| := |A1,n| = 1√
2
· (n!)
2
n∏
k=1
√
k4 + 1
,
i.e. A1,n = 0, for all n ∈ N.
(ii) Pn,α(P) ⊂ P, 1A1,α Pn,α(S3,A1,α ) ⊂ S3 and
1
A1,α
Pn,α(SM) ⊂ SM/|A1,α|,
for α = (αn)n, αn = n, ∀n = 1, 2, . . ., where
S3,a = { f ∈ S3; | f ′′(z)| ≤ |a|} ⊂ S3,
for |a| < 1 and
SB = { f ∈ A(D); | f ′(z)| < B, ∀z ∈ D}.
(iii) |Bk,α| ≤ |ak |, ∀k = 0, 1, . . ..
Proof. (i) Let z0, zn ∈ D be with limn→∞ zn = z0. We have
|Pn,α( f )(zn) − Pn,α( f )(z0)|
≤ n
n+1
n!
∫ ∞
0
e−nvvn| f (zneiv/αn) − f (z0eiv/αn)| dv
≤ ω1( f ; |zn − z0|)D ·
nn+1
n!
∫ ∞
0
e−nvvn dv = ω1( f ; |zn − z0|)D .
Passing to the limit with n → ∞, the continuity of Pn,α( f ) at z0 ∈ D follows.
Now, let f (z) = ∑∞k=0 ak zk , z ∈ D, be analytic in D. For fixed z ∈ D, we get
f (zeiv/αn) =
∞∑
k=0
ake
ikv/αn zk
and since |akeikv/αn | = |ak |, for all v ≥ 0, and the series ∑∞k=0 akzk is convergent, it follows that the
series
∑∞
k=0 akeikv/αn zk is uniformly convergent with respect to v ≥ 0. This immediately implies that
the series can be integrated term by term, that is
Pn,α( f )(z) =
∞∑
k=0
ak z
k n
n+1
n!
∫ ∞
0
e−nvvne−ikv/αn dv =
∞∑
k=0
ak Ak,αzk,
where
Ak,α = n
n+1
n!
∫ ∞
0
e−nvvne−ikv/αn dv, k = 0, 1, . . . .
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By using the substitution −nv = x and taking αn = n, ∀n ∈ N, we get
A1,α := A1,n = 1
n!
∫ ∞
0
e−x xne−ix/n2 dx = 1
n!
∫ ∞
0
xne−x(1+i/n2) dx .
Denoting the last integral (without 1
n! ) by In and integrating by parts, we immediately obtain
In = x
n · e−x(1+i/n2)
−(1 + i/n2)
∣∣∣∣∣
∞
0
+ n
(1 + i/n2) · In−1 =
n
(1 + i/n2) In−1,
for all n = 1, 2, . . .. Taking the modulus, it follows that
|In| = n
3
√
n4 + 1 · |In−1|, ∀n = 1, 2, . . . .
Here
I0 =
∫ ∞
0
e−x(1+i) dx = e
−x(1+i)
−(1 + i)
∣∣∣∣∣
∞
0
= 1
1 + i ,
which implies |I0| = 1√2 .
Therefore |I1| = 1√2 ·
1√
2
= 12 . Writing
|I1| = 12
|I2| = 2
3
√
24 + 1 · |I1|
...
|In| = n
3
√
n4 + 1 · |In−1|,
and taking the product of the two members, we arrive at
|In| = 12 ·
(n!)3
n∏
k=1
√
k4 + 1
· √2.
It follows that
|A1,α| = |A1,n| = 1
n! · |In| =
1√
2
· (n!)
2
n∏
k=1
√
k4 + 1
= 0, for all n ∈ N,
i.e. A1,n = 0, ∀n ∈ N.
(ii) By (i) we get
|Ak,α| ≤ n
n+1
n!
∫ ∞
0
e−nvvn dv = 1, ∀k = 0, 1, 2, . . . ,
and |A0,α| = |a0|.
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Let f ∈ P, f = U + iV , U > 0 on D. Since a0 = f (0) = 1, we obtain Pn,α( f )(0) = a0 A0,α = 1.
Also, by
Pn,α( f )(z) = n
n+1
n!
∫ ∞
0
e−nvvn [U(r cos(x + v/αn), r sin(x + v/αn))
+ iV (r cos(x + v/αn), r sin(x + v/αn))] dv, ∀z = reix ∈ D,
it follows that
Re[Pn,α( f )(z)] = n
n+1
n!
∫ ∞
0
e−nvvnU(r cos(x + v/αn), r sin(x + v/αn)) dv > 0,
i.e. Pn,α( f ) ∈ P.
Let f ∈ A(D). It follows a0 = 0, a1 = 1, which by (i) implies
1
A1,α
Pn,α( f )(0) = 0, 1A1,α P
′
n,α( f )(0) =
A1,α
A1,α
= 1.
If | f ′′(z)| < |A1,α| then∣∣∣∣ 1A1,α P
′′
n,α( f )(z)
∣∣∣∣ ≤ 1|A1,α| ·
nn+1
n!
∫ ∞
0
e−nvvn|e2iv/αn |
· | f ′′(zeiv/αn)| dv ≤ 1,
which means that 1A1,α Pn,α( f ) ∈ S3. Also, if | f ′(z)| < M , ∀z ∈ D, then we obtain∣∣∣∣ 1A1,α · P
′
n,α( f )(z)
∣∣∣∣ ≤ 1|A1,α| ·
nn+1
n!
∫ ∞
0
e−nvvn|eiv/αn | · | f ′(zeiv/αn)| dv
<
M
|A1,α| ·
nn+1
n!
∫ ∞
0
e−nvvn dv = M|A1,α| ,
i.e. 1A1,α Pn,α( f ) ∈ SM/|A1,α|. Since |A1,α| ≤ 1, it follows that M|A1,α | ≥ M .
(iii) |Bk,α| = |ak Ak,α | = |ak | · |Ak,α| ≤ |ak |, since |Ak,α| ≤ 1, ∀k = 0, 1, 2, . . ..
The theorem is proved. 
Remark. (1) Since the constant 1A1,α does not influence the geometric properties of Pn,α( f )(z), we have:
if f ∈ S3,A1,α ⊂ S3 then Pn,α( f ) is starlike (univalent) in D, ∀n ∈ N, and if f ∈ SM then Pn,α( f ) is
univalent in{
z ∈ C; |z| < |A1,α|
M
}
⊂
{
z ∈ C; |z| < 1
M
}
, ∀n ∈ N.
(2) It would be interesting to see other geometric properties of the operator Pn,α.
References
[1] Z. Ditzian, Rate of approximation of linear processes, Acta Sci. Math. (Szeged) 48 (1–4) (1985) 103–128.
[2] P.T. Mocanu, T. Bulboaca, Gr.St. Salagean, Geometric Theory of Univalent Functions, Casa Cartü de Stiinta, Cluj, 1999
(in Romanian).
[3] M. Obradovic, Simple sufficient conditions for univalence, Mat. Vesnik 49 (1997) 241–244.
